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A comparison of model linear chain molecules with constrained and flexible bond lengths
under planar Couette and extensional flows

Thomas A. Hunt1 and B.D. Todd*

Centre for Molecular Simulation, Swinburne University of Technology, Hawthorn, Victoria, 3122, Australia

(Received 27 January 2009; final version received 17 March 2009)

We compare directly under flow two commonly used coarse grained models of linear polymers, namely the flexible finitely
extensible nonlinear elastic (FENE) chain, and the freely jointed tangent sphere chain, otherwise known as the freely jointed
chain. The comparison is based on viscometric, structural and dynamical properties. We use non-equilibrium molecular
dynamics to simulate steady-state systems under planar Couette flow and planar extensional flow. Computed properties
include shear and elongational viscosities, normal stresses, radius of gyration and end-to-end distances, order parameters,
alignment angles and spin angular velocities. In all computed properties we observe very little difference between the two
molecular models. Therefore, the choice of either model is suitable, though there is a computational advantage in the use of
the FENE model.

Keywords: non-equilibrium molecular dynamics; shear flow; elongational flow; polymer melts; FENE chain

1. Introduction

There are many molecular potentials available for

simulating polymeric liquids. Despite this large collection,

we should also acknowledge that many of the properties of

polymeric liquids are independent of the specific molecule

being investigated. In this paper, we compare some of the

rheological and structural properties of two commonly

used molecular models, commonly known as the finitely

extensible nonlinear elastic molecule (FENE) and the

freely jointed chain molecule (FJC). The first of these

(FENE) consists of Lennard-Jones (LJ) atoms connected

by a finitely extensible nonlinear spring force. The second

again consists of LJ atoms, however a constraint force is

used to fix the bond length between the atoms.

Gauss’ principle of least constraint [1] has been used to

simulate molecules with constrained bond length and bond

angles [2,3] and has been used for the simulation of both

linear and branched molecules. This constraint algorithm

can be used to generate so-called ‘tangent chains’ of LJ

atoms. Such tangent chains have been studied for their

equilibrium equation of state properties [4] and also quite

extensively for non-equilibrium molecular dynamics

(NEMD) rheological properties [5–9]. The model has

also been used to simulate linear molecules in solution

[10,11] as well as polymer melts containing spherical filler

particles [12].

Matin et al. [5] performed the first NEMD simulations

of small molecules using the Kraynik Reinelt [13–16]

periodic boundary conditions (PBCs) for planar

extensional flow (PEF) and the molecular SLLOD

algorithm [2,17]. This model consisted of LJ dimers

bonded using the Gaussian constraint algorithm [18–21].

These simulations confirmed that under PEF, molecules

have zero average spin angular velocity, a quantity which

had been measured under planar Couette flow (PCF) in

previous publications. In addition to the chlorine

molecules Matin et al. [5] simulated liquids of LJ atoms

as well as two-site and four-site FJC molecules. It was

confirmed that the atomic systems had little elasticity since

the first normal stress (N1 ¼ Pyy 2 Pxx) was found to be

approximately zero, except at the highest strain rate.

For molecular systems it was found that N1 deviated

significantly from zero as the strain rate increased and was

attributed to the elasticity of the molecular fluid [22].

Further, results for the two-site FJC molecules [6]

found that independent calculation for PCF and PEF of

the coefficients of the third order retarded motion

expansion led to consistent results. Examination of the

conditions for which the ratio h1=h2 < 0 led the authors to

conclude that the Newtonian regime extended to

_1 ¼ 0:0296. This was in agreement with their plot of

viscosity against strain rate.

Subsequent simulations of longer FJC molecules found

[7–9] that lower order coefficients for the RME were in

agreement when calculated using data from PCF and PEF.

However, it was found that the higher order terms did not

have the same level of agreement. This was attributed to

large uncertainties in the results for longer molecules at

low strain rates. Calculation of the Ns dependence (number

of sites per molecule) of h0 and the zero strain rate first
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normal stress C1;0 agreed with the Rouse model

predictions that h0 / Ns and C1;0 / N3
s .

Improvement on these results [9], where chain lengths

of up to Ns ¼ 100 were simulated, showed agreement

between calculated coefficients of the RME for terms up to

second order in the strain rate. Disagreement was found in

the third order terms calculated from the normal stress

coefficients of PEF h1 and h2. It was suggested that this

discrepancy was due to a mismatch between the assump-

tions of the RME and the conditions of the simulation.

Several significant studies have used the FENE model

to investigate rheological properties of polymer melts.

Kröger et al. [23] investigated rheological and structural

properties of a monodisperse FENE melt under PCF with

molecules between Ns ¼ 10–100 in length. These

simulations used a velocity re-scaling algorithm and it is

not clear whether this algorithm led to over alignment in

the system that had been observed in other molecular

simulations [19]. However, the range of data presented in

this work is very significant. Two methods were used to

calculate the structure of the liquid: firstly the alignment

tensor was calculated, and through this the alignment

angle of molecules. Secondly, the structure factor was

calculated and compared favourably with experimental

results from small angle neutron scattering experiments

[24]. Comparing the alignment tensor and the stress tensor

confirmed the stress-optic law in the Newtonian regime.

It was shown that the Rouse prediction for the chain-length

dependence of the viscosity h0 / Ns was confirmed for

chains of length Ns # 60, with a slight up-turn in this

curve for Ns ¼ 100, suggesting that the crossover between

the Rouse and reptation regime had been reached. This last

observation was confirmed by Kröger and Hess [25] in a

publication which presented steady state viscosities of

monodisperse FENE systems ranging in length from

Ns ¼ 10 up to Ns ¼ 400. A similar conclusion was

reached by Bosko et al. [26].

In the case of extensional flows, Kröger et al. [27]

investigated the start-up of uniaxial extensional flow

(UEF) and subsequent relaxation. The authors compared

experimental observations of molecular alignment and

stress measurements with similar measurements from

NEMD simulation. These measurements allowed them to

determine the range of validity of the stress-optic law, the

linear relationship between the stress and alignment of

bond vectors in the liquid. In the start-up phase of the

simulations and experiments, they found that the stress-

optic law was valid at low strain-rates and at high

temperatures. However, in the relaxation phase it was

found that the rule was valid for all systems. At high strain-

rates a stress offset was observed which was found to have

a linear dependence on the strain-rate. Baig et al. [28] and

Kim et al. [29] have also performed NEMD simulations

under PEF but using a modified form of the Siepmann–

Karaboni–Smit united-atom model for linear alkanes [30].

As the model used in this case is different than either the

FENE or FJC models, we do not consider direct

comparisons with our work.

Bosko et al. [26,31,32] have performed simulations

under PCF of dendrimer liquids where the molecules were

composed of beads connected by the same FENE

potential that we have used in our study. They have

compared their results with simulations of linear FENE

molecules.

Several authors have used Brownian dynamics

simulations to investigate the effect of molecular proper-

ties on the mobility of FENE molecules as well as

structural properties of model polymer melts at equili-

brium. These authors employed the technique that had

been used by Grest and Kremer [33,34] in their

investigations of Rouse and reptative dynamics.

Faller et al. [35,36] have used the FENE molecular

potential combining it with a three-body torsional

potential to determine the effect of chain stiffness and

chain length on the reorientation times of chain segments.

They found that there were two processes: a short-time

reorientation process which followed a power law relation

and a second long-time reorientation process which

followed an exponential relation. Both these processes

were strongly affected by the chain stiffness and the chain

length. In contrast, it was found that the local structure of

the melt was not changed greatly by variation in the

parameters of the molecule.

Using the same Brownian dynamics technique, with a

harmonic bond potential rather than a FENE and torsional

potential, Abrams and Kremer [37,38] investigated

confined and bulk systems of linear molecules, where

the ratio of bond length to the bead diameter l0=d0 was

varied. They found that as the bond length increased when

compared with the bead diameter, there was an increase in

the pressure and surface tension. By examining the local

structure of the fluid by calculating radial distribution

functions, Abrams and Kremer found that the local

ordering in the fluid was enhanced by an increase in the

ratio l0=d0. They used this to explain the increase in

macroscopic variables. In the subsequent paper [38] where

the correlation functions of the Rouse modes were

investigated, they found that when the ratio l0=d0 was

doubled there was a 20-fold increase in the monomer

friction coefficient z. This was again attributed to the

increase in local ordering in the fluid.

In this paper, we will present and discuss results from

NEMD simulations of FJC and FENE molecules under-

going both planar shear and elongational flows. The basis

of comparison will be the commonly calculated steady

state rheological properties, such as viscosities and normal

stresses, along with some structural properties which can

be readily calculated in molecular simulations. We present

the simulation algorithms and techniques used for the

study, computational detail, a summary of the length of
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simulations etc. along with necessary details of how

averages were calculated. Greater details can be found in

the PhD thesis of Hunt [39].

From the outset, there are several reasons for making

the comparison of the FENE and FJC molecules. Firstly,

we wish to investigate the effect that the flexibility of the

bond length of the FENE molecules has on the macroscopic

properties of the melt. Secondly, the force calculation for

the FENE molecule is less involved than the constraint

algorithm used for the simulation of FJC molecules and so

it is worthwhile comparing the computational efficiency of

the two models. Thirdly, the data presented in this paper are

rheological and structural and will be followed up in a

subsequent paper with an analysis of self-diffusion of

molecules in shear and extensional flows. To our knowl-

edge, diffusion for polymer melts experiencing PEF has not

yet been attempted for either molecular model using

NEMD methods.

In Section 2, we present a summary of the simulation

algorithm and follow it in Section 3 with further simulation

details. In Section 4, we present analysis of the average bond

length of the FENE systems and use this data to make a

choice of the bond length for the FJC systems. Section 5

presents the results from the simulations we have performed,

which include viscoelastic, dynamic and structural proper-

ties, and we make some concluding remarks in Section 6.

2. Molecular models and simulation algorithm

2.1 Molecular models

The FENE molecules that we simulate here consist of a

linear chain of Ns beads interacting via pair potentials.

Adjacent beads along the chain interact via a combined

FENE spring potential and Weeks–Chandler–Andersen

(WCA) potential [40], discussed below. Beads which are

not on the same molecule and beads which are on the same

molecule but not adjacent interact just by the WCA

potential. For two adjacent beads separated by the vector

rij, the FENE contribution to their interaction is,

UFENE
ij ¼

2 1
2
kR2

0ln 12
rij
R0

� �2� �
for rij # R0 and

þ1 for rij $ R0

8><
>: ;

ð1Þ

where k ¼ 301LJ is the spring constant for the FENE bond

(in a similar way to the Hookean spring constant), R0 ¼

1:5sLJ is the limit to the bond extension (see Figure 1), and

rij ¼ jrj 2 rij is the distance between particles i and j. The

importance of the FENE potential over a Hookean

potential is that a FENE bond cannot be extended beyond

the fixed length R0 ¼ 1:5sLJ. A plot of the potential

between adjacent beads is given in Figure 1. Note that, the

potential has a minimum close to rij ¼ 1:0sLJ. The choice

of coefficients k and R0 are the values that have been

used in a number of previous investigations using this

potential [23,25–27,31,41]. It has been reported by the

authors in these works that the molecules did not cross

each other. Thus, a key property of the polymers was

correctly modelled.

Two very common interatomic potentials are the LJ

potential and the WCA potential mentioned above [40].

Both potentials are isotropic (Uðri; rjÞ ¼ Uðjrj 2 rijÞ ;
UðrijÞ and the full LJ potential has the following form,

ULJ
ij ðrijÞ ¼ 41LJ

sLJ

rij

� �12

2
sLJ

rij

� �6
" #

; ð2Þ

where sLJ and 1LJ are the effective atomic diameter and

well depth, respectively. The WCA potential is essentially

the repulsive part of the LJ potential and consequently has

a cut-off radius at the LJ minimum rc ¼ 21=6sLJ.

UWCA
ij ðrijÞ

¼

41LJ
sLJ

rij

� �12
2 sLJ

rij

� �6� �
2 Uc for rij # rc and

0 for rij $ rc

8>><
>>: ;

ð3Þ

where, Uc ¼ ULJ
ij ðrcÞ. The WCA potential is shown in

Figure 1, together with the FENE potential which is used

for molecular bonding.

We have also simulated linear molecules with

constrained bond lengths, namely the freely jointed

tangent chain (FJC). The Gaussian constraint method

used to calculate the constraint force is presented in works

by Edberg et al. [2,17] and by Morriss and Evans [3]. In

addition to the constraint force, the short ranged and

repulsive WCA potential is imposed between atoms on

0.6 0.8 1 1.2 1.4 1.6
0

20

40

60

80

100

FENE

WCA

WCA + FENE

rij

U
ij
(r

ij
) R0 =1.5

Figure 1. A comparison of the FENE and WCA potentials, and
their sum.
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different chains and between atoms on the same chain

which are not adjacent. In previous works [5,6,8,9] the

bond length had been constrained to b ¼ 1:0sLJ. In this

work however, we have constrained the bond length to

b ¼ 0:97sLJ. This corresponds to the average of the bond

length of the FENE molecule at equilibrium (for T ¼ 1:0,

r ¼ 0:84). Further discussion of this choice of bond length

is given in what follows.

We note here that the names we use for these models

have been used in the past to nominate other molecular

models which differ from those used here. In particular, the

term ‘freely-jointed-chain’ is commonly used to denote any

model in which the bond angles are free to have any

orientation. Furthermore, the FENE potential is commonly

used to denote dimers and chains which just use the potential

as given in (1) without the inclusion of the repulsive

contribution from the WCA potential. Our discussion above

makes is clear exactly which two models we are comparing.

2.2 Equations of motion

Apart from the molecular model used in these simulations,

the equations of motion used in our simulations are the

same. The SLLOD equations of motion that we use here

for molecular systems are given by [2,17,42]:

_ria ¼
pia

mia

þ ri�7u; ð4Þ

_pia ¼ FLJ
ia þ F

C=FENE
ia 2

mia

Mi

pi�7u2 zM
mia

Mi

pi: ð5Þ

This is the so-called ‘molecular SLLOD’ implemen-

tation. The subscript ia denotes site a on molecule i.

ria; ðpia;miaÞ is the position (momentum, mass) of the

designated site. The force on a site is separated into

two terms; FLJ
ia is the contribution due to the LJ interaction

and F
C=FENE
ia is either the constraint force for a FJC system

or the bonding force for the FENE system. Mi is the mass

of molecule i, and zM is the molecular thermostat

multiplier. ri ¼ ðrxi; ryi; rziÞ and pi ¼ ðpxi; pyi; pziÞ are the

centre of mass and momentum of molecule i, given as:

ri ¼

PNs

a¼1miariaPNs

a¼1mia

; ð6Þ

pi ¼
XNs

a¼1

pia ð7Þ

and the molecular thermostat is

zM ¼

PNm

i¼1ðFi�pi 2 pi�7u�piÞ=MiPNm

i¼1p
2
i =Mi

: ð8Þ

The streaming component of a site’s velocity is

determined at the centre of mass of the molecule, as

opposed to the streaming-velocity at the site. For PCF

these equations are,

_ria ¼
pia

mia

þ ryin̂x _g; ð9Þ

_pia ¼ FLJ
ia þ F

C=FENE
ia 2

mia

Mi

n̂x _gpyi 2 zM
mia

Mi

pi; ð10Þ

while for PEF the equations are,

_ria ¼
pia

mia

þ ðrxin̂x 2 ryin̂yÞ _1; ð11Þ

_pia ¼ FLJ
ia þ F

C=FENE
ia 2

mia

Mi

ðrxin̂x 2 ryin̂yÞ _1

2 zM
mia

Mi

pi: ð12Þ

The combination of equations of motion and thermo-

stat is collectively known as molecular SLLOD/molecular

thermostat (MSMT). Our use of MSMT is the result of

several investigations reported in the literature regarding

the merits of different equations of motion and thermo-

stats. For example, in the work of Padilla and Toxverd [43]

it was shown that the results from atomic and molecular

thermostated systems differed, but that results using the

molecular thermostat were closer to those of a system

which was thermostated by the surrounding fluid.

Furthermore, in detailed investigations [19,20,44], it was

found that the use of atomic SLLOD together with an

atomic thermostat for molecular fluids led to an

antisymmetric component in the molecular pressure tensor

which imposed a torque on molecules as well as leading to

excessive molecular alignment in the system. In contrast, it

was found that this effect did not occur with the use of

MSMT. One disadvantage of MSMT, especially for large

molecules, is that the thermostat only acts on a fraction

of the degrees of freedom in the system. At high strain-

rates this may result in the degrees of freedom that are not

thermostated to overheat. One way to avoid this is to use

the newly devised configurational thermostat, such as that

developed by Braga and Travis [45] and references

therein, but for the purposes of our study, and the relatively

moderate strain rates investigated, a molecular thermostat

suffices.

2.3 Pressure tensor and energy

The pressure in a molecular liquid can be calculated using

either of two expressions: the molecular or atomic pressure

[17,19,42]. The molecular pressure is the pressure

calculated using the intermolecular forces and the

molecular centre of mass momenta. The instantaneous

T.A. Hunt and B.D. Todd1156
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expression for the molecular pressure is,

PMV ¼
XNm

i¼1

pipi

Mi

2
1

2

XNm

i¼1

XNs

a¼1

XNm

j–i

XNs

b¼1

rijF
inter
iajb ð13Þ

where rij is the minimum image separation of the centres

of mass of molecules, Finter
iajb is the interatomic force

between site a on molecule i and site b on molecule j, pi

is the momentum of the centre of mass of molecule i and

V is the volume of the system. Note that, in this case the

second term, the virial, does not contain any intramole-

cular terms.

The atomic pressure on the other hand includes

all atomic momenta and all interatomic forces and

constraint forces. The expression for the atomic

pressure is,

PAV ¼
XNm

i¼1

XNs

a¼1

piapia

mia

2
1

2

XNm

i¼1

XNs

a¼1

XNm

j–i

XNs

b¼1

riajbFiajb

2
XNm

i¼1

XNs21

a¼1

XNs

b.a

riajbFiajb þ
XNm

i¼1

XNs

a¼1

riaF
C
ia: ð14Þ

Here, riajb is the vector between atom a on molecule i

and atom b on molecule j, Fiajb is the corresponding

interatomic force between these atoms.

As already noted above, Travis et al. [19,20,44] have

investigated the differences between results using the

molecular and atomic SLLOD algorithms under PCF.

Included in these investigations was a comparison of

molecular and atomic pressure tensors. The instantaneous

atomic pressure tensor is symmetric since the forces

involved act between centres of atoms. In the case of the

instantaneous molecular pressure tensor the virial term is

the dyadic product of the vector between the centres of

mass of two molecules and the forces between atoms in

the molecules. This is in general not a central force

and gives rise to an antisymmetric component of the

instantaneous pressure tensor. However, it was found that

the steady-state averages of both the atomic and

molecular stress tensors agreed, confirming the results

of Edberg et al. [17]. From the steady state averages of

the pressure tensor prediction of the viscosities and

normal stresses can be calculated. In the results that

follow we include only molecular pressure tensor

calculations.

The instantaneous total internal energy of the system is

given by,

U ¼
1

Nm

XNm

i¼1

XNs

a¼1

p2ia
2mia

þ
XNm21

i¼1

XNs

a¼1

XNm

j¼iþ1

XNs

b¼1

Uiajb

 

þ
XNm

i¼1

XNs22

a¼1

XNs

b¼aþ2

Uiajb

!
:

ð15Þ

In this expression the total energy of the system has

been separated into its kinetic, intermolecular and

intramolecular components. Uiajb is the potential energy

between atom a on molecule i and atom b on molecule j.

As in the case of the pressure tensor, we compute steady-

state averages of the instantaneous values.

3. Simulation details

We have compared the results from simulations of

2,4,10,20 and 50-site monodisperse systems of FENE and

FJC molecules under both PCF and PEF. We have also

simulated 100-site FENE molecules under both flows. The

number of molecules in each system and the range of strain

rates simulated, is presented in Table 1. The simulations

were performed using the molecular SLLOD algorithm

[2,17,42], the Lees-Edwards PBCs [46] for PCF and the

Kraynik-Reinelt PBCs for PEF [13–16], as previously

noted. The equations of motion were integrated using a

fourth order Gear predictor–corrector algorithm [47,48]

with a reduced time step of Dt ¼ 0:001 for all systems. To

improve the efficiency of the force calculation, a

neighbour list algorithm was used as well as a cell

method. These algorithms are described for PCF by Allen

and Tildesly [47] and for PEF by Matin et al. [6].

Data presented in this work were collected from

simulations run at the reduced molecular temperature T ¼

1:0 and bead number density r ¼ 0:84. Systems were

initialised at a low density with beads on an FCC lattice.

The systems were allowed to relax away from the lattice at

this low density and were then compressed using a bulk

Table 1. Some details of systems simulated. Ns and Nm are the
number of sites per molecule and number of molecules respectively,
while IImin and IImax are the minimum and maximum strain rates,
expressed as the second scalar invariant of the strain rate tensor,
respectively.

Ns Nm IImin IImax

2 500 1 £ 1024 5.12
4 500 1 £ 1024 5.12

10 500 1 £ 1025 1.0
20 500 1 £ 1026 5 £ 1021

50 256 1 £ 1027 5 £ 1022

100 108 1 £ 1027 1 £ 1023
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compression algorithm [1]. For some systems it was

necessary to perform further equilibration at an inter-

mediate density before compressing the system to the

target density, at which the remainder of the simulations

were performed.

We initially performed simulations of the FENE

molecules so that we could obtain a comparable bond

length for the subsequent simulations of the FJC molecules.

The bond length that we chose was b ¼ 0:97. Further details

of this calculation can be found in Section 4.

For 2,4,10,20 and 50-site molecules each system was

equilibrated at a set strain-rate for between 3:2 £ 106 and

6:4 £ 106 time-steps to ensure that the system had reached

a steady state. For 100-site molecules this equilibration

was extended to 4 £ 107 time-steps. For the data that we

present in this paper the results were calculated in the

following way: every 25 time-steps the instantaneous

value of a property was calculated; every 100 time-steps

the average of the previous four values was printed to a

file; after 4 £ 105 time-steps this series was divided into

10 blocks and a block average, a total average and a

standard error (SE) were calculated. In the case of

2,4,10,20 and 50-site systems, to further improve the

statistics, the results of four consecutive simulations were

averaged and a SE calculated, this gave the final results

which are presented here. For 100-site systems, an average

and SE were calculated from 100 consecutive simulations.

The length of the simulations was also governed by

requirements of the calculation of diffusion coefficients,

which will be discussed in a separate paper.

Results are presented in terms of reduced units i.e. in

terms of LJ coefficients 1LJ;sLJ and the mass of a bead m;

temperature is measured in terms of units kB=1LJ. The
conversion from real units to reduced units gives: the

reduced density r* ¼ r=s3
LJ, the reduced temperature

T * ¼ kBT=1LJ, reduced time t * ¼ 1LJ=ms
2
LJ

� �1=2
t,

reduced pressure p* ¼ ps 3
LJ=1LJ, reduced strain-rate

_g* ¼ ms2
LJ=1LJ

� �
1=2 _g, reduced viscosity h* ¼ s4

LJ=
�

m1LJÞ
1=2h. For the remainder of the paper the asterisk is

dropped. In our simulations we set 1LJ ¼ sLJ ¼ m ¼ 1:0.
This choice of units is convenient for simulations because

length and time scales are within a numerically manage-

able range [47].

4. Bond length calculation

The FENE potential allows the bond length between adjacent

sites along the molecule to fluctuate. Thus, to perform a

comparison between the FENE and FJC molecules we need

to choose a suitable bond length for the FJC molecules.

After simulation of the FENE systems we calculated

the mean and variance of bond lengths within the final

configurations for each system. The number of bonds in

the system ranged from 500 for the 2-site systems to

12,544 for the 50-site systems. Data from these

calculations are given in the PhD thesis by Hunt [39] but

not plotted here for brevity. We find that as the strain rate

is increased the mean bond length increases only slightly

for the shorter molecules. However, for the 50-site and

100-site molecules in PEF we find considerable stretching.

The variance seen in the FENE bond length is not present

in the FJC molecules, which is the main distinction

between the two molecules. From these data we obtained a

mean bond length over all systems of �b ¼ 0:970ð8Þ. This

average value can be compared with the minimum of the

bonding potential bmin ¼ 0:9608, shown in Figure 1. If the

assumption is made that the only potential in the system is

this bonding potential, then we find numerically that the

Boltzmann distribution

ProbðbÞ/4pb2expð2ðUWCAðbÞþUFENEðbÞÞ=kBTÞ; ð16Þ

gives an average bond length of bB ¼ 0:9701 and a

standard deviation (SD) DbB ¼ 0:0334. This value does

not include intramolecular contributions from non-bonded

sites, nor does it include any intermolecular interactions.

We note that variance of the bond length is skewed above

the mean with little deviation below b ¼ 0:93. This is due

to the steep repulsive potential during contraction of the

bond.

Previous investigations of FJC systems [5,6,8,9] used a

value of bFJC ¼ 1:0. This value is approximately one SD

greater than the value we compute in our FENE systems

with II , 1024, where II is defined as the second scalar

invariant of the strain rate tensor and takes on the values of

II ¼ 2 _g2 for PCF and 8 _12 for PEF. This variable is

proportional to the rate of viscous heat dissipation in the

system at steady state and therefore we are more easily

able to compare systems under different flow which are in

a similar non-equilibrium state. Though we could have

chosen an individual FJC bond length for each strain rate,

for convenience we have used just the single value of

bFJC ¼ 0:97 corresponding to the mean value of the FENE

bond length.

5. Results

5.1 Rheological properties

In this section we compare the rheological properties of

the FENE and FJC molecules. These are properties which

are directly derived from the stress tensor. We include the

shear and extensional viscosities h and �h and the various

normal stresses.

5.1.1 Extensional and shear viscosity

We have calculated the steady state shear and extensional

viscosities for both FENE and FJC molecules. These
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functions are given in terms of the pressure tensor by

h ¼
Pxy þ Pyx

2 _g

and

�h ¼
Pyy 2 Pxx

4 _1

for PCF and PEF respectively and are plotted against the

second scalar invariant II in Figures 2 and 3. From the data

presented in the two figures we see that the viscosities of

the FENE and FJC molecules are very similar. In Figure 3

we see for longer molecules the characteristic increase

and plateau in �h. For simulations at constant volume

the viscosity then begins to increase again. However,

Daivis et al. [8] have found that if the simulations are

performed with constant Pzz then the viscosity decreased

after the plateau. The shear viscosity for longer molecules

(Figure 2) shows that in PCF shear-thinning occurs

independent of the molecular weight.

As the strain-rate decreases the systems approach the

zero strain-rate viscosity. To estimate the zero strain-rate

viscosities for the two molecules we have performed least-

squares fits to the viscosity. The functional forms that we

used for this were, y ¼ Aþ Bx; y ¼ Aþ Bx 2 and

y ¼ Aþ Bx1=2, where the pair ðx; yÞ is ð _g;hÞ and ð _1; �hÞ for

PCF and PEF, respectively. The parameter A corresponds to

the zero strain-rate viscosity. For each system and functional

form we used four to eight data points of lowest strain-rate

and chose the fit which gave the highest regression

coefficient. We then averaged the zero strain-rate viscosity

(A) to give the estimates of h0 and �h0 presented in Table 2.

We see from this data that for the shorter molecules under

PCF and PEF the viscosity of the FJC system is larger than

Table 2. Comparison of the zero strain-rate viscosities h0 and �h0 for FENE and FJC molecules extrapolated from the finite strain-rate
viscosities.

Flow
PCF PEF

Molecule FENE h0 FJC h0 FENE �h0 FJC �h0

2-Site 2.79(4) 2.86(4) 2.81(3) 2.87(5)
4-Site 3.83(1) 4.02(7) 3.82(4) 3.99(4)
10-Site 6.1(1) 7.6(2) 6.5(2) 7.2(2)
20-Site 12.4(2) 13.6(3) 12.2(3) 12.8(3)
50-Site 37.2(5) 30.9(4) 29.8(5) 33.3(4)
100-Site 50(10) – 160(10) –

10 to 50-Sites 0.54(5)N 1.09(3) 1.2(1)N 0.84(3) 0.88(8)N 0.90(5) 0.94(7)N 0.91(5)

10 to 100-Sites 0.54(4)N 1.09(3) – 0.73(6)N 0.97(5) –

The last two rows give the least-squares fit parameters for h0; ð �h0Þ ¼ mN n using the 10-site to 50-site data and 10-site to 100-site data (N ¼ NS 2 1).

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II

1

10

100

1000

η

PCF

Figure 2. Comparison of the shear viscosity h for FJC
molecules (open symbols) and FENE molecules (closed
symbols). The symbols correspond to 2-site systems (circles),
4-site systems (squares), 10-site systems (diamonds), 20-site
systems (triangles-up), 50-site systems (triangles-left) and 100-
site systems (triangles-down).

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II

1

10

100

1000

η

PEF

Figure 3. Comparison of the extensional viscosity �h for FJC
and FENE molecules of length 2,4,10,20 and 50 monomers. We
have included just FENE molecules for the 100-site systems. The
symbols are the same as in Figure 2.
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the viscosity of the FENE system. Under PEF this trend is

observed for all chain lengths studied here. Including data for

all flows, the difference between the viscosities for FENE

and FJC molecules as a percentage of their average value

varies between 3% for 2-site molecules under PCF and 22%

for 10-sitemolecules under PCF; there is no clear trend in the

overall variation with molecular weight. For 100-site

systems we have estimated �h0 with the extensional viscosity

at II ¼ 1 £ 1027. Thisprobablygives anover-estimateof �h0

for 100-site molecules.

In Figure 4 we have plotted the zero strain-rate

viscosity against the length of the molecule Ns. It is well

known [25,49] that this data should follow the relationship

h0 ¼ mN n; �h0 ¼ mN n; ð17Þ

where N ¼ Ns 2 1 is the number of bonds in the molecule.

The parameters of the least-squares fit to the viscosity data

for 10 to 50-site molecules is given in the second last row

of Table 2 and the fit to data for 10 to 100-site molecules is

given in the last row of Table 2. The average of the

exponent over all systems for the range 10 to 50-site is

n ¼ 0:93ð9Þ. The best fit for PCF data with systems in the

range 10 to 100-site gives the exponent n ¼ 1:08ð3Þ. This

is very close to the expected value n ¼ 1:0 as predicted by

the Rouse model and found by Kröger and Hess [25] in

their simulations of FENE molecules. The greatest

difference between FENE and FJC is seen in the exponent

n calculated for the range 10 to 50-site; the FJC systems

having a smaller exponent (n ¼ 0:84ð3Þ) than the FENE

molecules ðn ¼ 1:09ð3ÞÞ. It should be noted that a fit to

systems in the range 2 to 50-site gives a much smaller

exponent, n < 0:77. Two-site molecules do not exhibit

Rouse behaviour and thus the inclusion of these molecules

in the calculation of n leads to its decreased value.

5.1.2 Normal stress differences

Data for the steady state first ðC1Þ and second ðC2Þ normal

stress coefficients under PCF are presented in Figures 5

and 6, respectively. These are defined as,

C1 ¼
Pyy 2 Pxx

_g2
;

C2 ¼
Pzz 2 Pyy

_g2
:

1 10 100

NS

1

10

100

1000

η 0
, η

0

Figure 4. Comparison of the zero strain-rate viscosity for PCF
(circles) and PEF (squares). Open symbols correspond to FJC
molecules, closed symbols correspond to FENE molecules. The
dashed line (–-) is the best fit to the 10-site to 100-site PCF data
(h0 ¼ 0:87ðNs 2 1Þ0:93). The dot-dashed line (-.-.) is the best fit
to the 10-site to 50-site data averaged over all systems
(h0 ¼ 0:54ðNs 2 1Þ1:08).

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II

10–1

100

101

102

103

104

105

106

Ψ
1

PCF

Figure 5. First normal stress C1 for FJC and FENE molecules
of length 2,4,10,20 and 50 monomers. We include data for 100-
site FENE molecules. The system is under shear flow (PCF). The
symbols are the same as in Figure 2.

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II
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10–2

10–1

100

101

102

103

104

105

106

–Ψ
2

Figure 6. Second normal stress 2C2 for FJC and FENE
molecules of length 2,4,10,20 and 50 monomers. We include data
for 100-site FENE molecules. The system is under shear flow
(PCF). The symbols are the same as in Figure 2.
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Normal stress coefficients measure the difference

between stresses normal to the faces of a cubic volume of

fluid. It had been suggested (the Weissenberg Hypothesis

[22,50]) that the second normal stress in fluids is zero,

however it is now known that C2 is about 10% of the value

of C1. From the simulation data it is seen that both

functions decrease in value as the strain-rate is increased.

In general, these functions show an increase with

molecular length, which is comparable with viscosity.

However, in comparison with the shear viscosity, the

range of C1 is about an order of magnitude greater,

particularly for longer molecules. The statistical variance

in this data is considerable, especially for C2. The ratio

2C1=C2 has a large variance as a consequence of the

variance in both terms [39]. From this data we can only

estimate the ratio at being between 0.1 and 1.0 for most

systems. The difference between the data for FENE and

FJC is also greatest for these quantities. However, without

better statistics we are unable to make any stronger

conclusions about this difference.

Under extensional flows, the first and second

extensional viscosities are

h1 ¼
Pyy 2 Pxx

_1

and

h2 ¼
Pyy 2 Pzz

_1
;

respectively. The first extensional viscosity h1 is

proportional to the extensional viscosity ð4 �h ¼ h1Þ and

therefore we do not discuss it further here. Data for the

second extensional viscosity h2 is presented in Figure 7.

Daivis et al. [8] note that this function has been measured

only rarely and cite just Wagner et al. [51] who measure

the transient value of this function. Comparing with other

viscometric functions for PEF and PCF we note that there

is less variation with molecular weight for this function. h2

decreases and then has a small region of increase at large

strain rates. As for the viscosity, this increase did not occur

when simulations were performed with constant Pzz by

Daivis et al. [8]. The ratio h2=h1 has better statistics than

the normal stress coefficients for PCF [39] and approaches

the value 1=2 for low strain-rates, but has a larger value for

short molecules. Matin [7] explains this property by noting

that in the Newtonian regime, Pzz does not change and the

positive change in Pyy is equal in magnitude to the

negative change in Pxx. It is seen from this ratio that for

larger molecules h1 dominates h 2 and there is a region

over which the ratio is approximately constant. In each of

the functions described here there is little variation

between the values for FENE and FJC molecules.

5.2 Microscopic properties

An important feature of molecular simulations is the

accessibility of the molecular details of a system, which

allows the direct calculation of microscopic properties

which in experiment would require sophisticated optical or

scattering techniques. In this section, we investigate the

alignment and extension of molecules in flow, as well as

their rotation. Similar calculations of the FJC molecule

with b ¼ 1:0 under PEF and PCF have been performed by

Matin et al. [5] for small molecules up to four sites in

length. Calculations for dendrimer and linear FENE

molecules under PCF at T ¼ 1:25 have also been

presented by Bosko et al. [26,31,32].

5.2.1 Extension of molecules

At equilibrium it is known that the orientation of

molecules in a melt is isotropic. However, away from

equilibrium, under flow, it is well known that molecules

align, i.e. Maxwell’s effect or flow birefringence. In this

section and the next we introduce several measures which

give a quantitative indication of the change in confor-

mation of molecules in the system.

For an individual molecule composed of identical

particles the tensor of gyration is given by,

R2
g ;

1

2N2
s

XNs

a;b¼1

ðra 2 rbÞ
2 ð18Þ

where ra and rb are the positions of beads a and b,

respectively. The radius of gyration is defined as R2
g ¼

trace R2
g

� �
and is proportional to the scalar moment of

inertia Im ¼ MR2
g, where M is the total mass of the

molecule. In the case here where each of the beads has

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II

1

10

100

1000

η 2

PEF

Figure 7. Second normal stress h2 for FJC and FENE molecules
of length 2,4,10,20 and 50 monomers. We include data for 100-
site FENE molecules. The system is under extensional flow
(PEF). The symbols are the same as in Figure 2.
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the same mass, the moment of inertia tensor is 21 times

the traceless part of R2
g. The gyration tensor was averaged

over all molecules in the system and the average radius of

gyration squared kR2
gl

� �
calculated. Results of kR2

gl are

presented in Figure 8 for PCF and in Figure 9 for PEF.

A further indication of the structure within the liquid

is provided by calculation of the average mean-squared

end-to-end distance kR2
eel of molecules. This has again

been calculated as an average over the molecules in the

system and then as a time average. Results for PCF and

PEF are presented in Figures 10 and 11, respectively.

For the smallest molecules, 2 and 4-site, there is little

variation in kR2
gl and kR2

eel for all systems. For the 2-site

FJC molecules it is clear that these quantities are

necessarily fixed. For the longer molecules (10 to 100-

sites) it is seen that both kR2
eel and kR2

gl increase with the

strain-rate except at the highest strain-rate for PEF, where

there is seen to be a slight decrease in these functions.

This is attributed to the use of the constant volume

algorithm rather than constant pressure algorithm. The

plateau value of kR2
eel, at high strain-rates, indicates that

under PEF molecules become fully extended. For

example, in the case of 50-site molecules, the full

extension of a molecule would correspond to R2
ee ¼

ð49 £ 0:97Þ2 ¼ 2259 which is close to the observed

plateau value. As was the case for the rheological

properties, there is almost no variation between FENE

and FJC molecules for these structural properties. The

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II

10–1

100

101

102

103
<

R
2 g>

PCF

Figure 8. Comparison of the mean-squared radius of gyration
kR2

gl for FJC and FENE molecules of length 2,4,10,20 and 50
monomers. We include data for 100-site FENE molecules. The
system is under shear flow (PCF). The symbols are the same as in
Figure 2.

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II

10–1

100

101

102

103

<
R

2 g>

PEF

Figure 9. Comparison of the mean-squared radius of gyration
kR2

gl for FJC and FENE molecules of length 2,4,10,20 and 50
monomers. We include data for 100-site FENE molecules. The
system is under extensional flow (PEF). The symbols are the
same as in Figure 2.
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PCF

Figure 10. Comparison of the mean-squared end-to-end
distance kR2

eel for FJC and FENE molecules of length 2,4,10,20
and 50 monomers. We include data for 100-site FENE molecules.
The system is under shear flow (PCF). The symbols are the same
as in Figure 2.

PEF
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Figure 11. Comparison of the mean-squared end-to-end
distance kR2

eel for FJC and FENE molecules of length 2,4,10,20
and 50 monomers. We include data for 100-site FENE molecules.
The system is under extensional flow (PEF). The symbols are the
same as in Figure 2.
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observed variation in the FENE bond length, presented

above, has little effect since, instantaneously, some bonds

will be longer and others shorter.

5.2.2 The order tensor

From the gyration tensor we are able to obtain more details

about the alignment in the systems. We have calculated the

order tensor S, which is a symmetric traceless tensor

calculated instantaneously during a simulation using the

relation,

S ¼
1

Nm

XNm

i¼1

ûiûi 2
1

3
I

� �
; ð19Þ

where ûi is the unit vector corresponding to the largest

eigenvalue of the gyration tensor for molecule i and I is the

isotropic tensor. This tensor represents a collection of

correlation coefficients; each element Sab is the correlation

between the component uia and uib of the unit vector for an

individual chain.

From the order tensor one can obtain the order parameter

S, which is a single numerical indicator of the alignment in a

system. The order parameter is 3=2 of the largest eigenvalue
of the tensor S, and the corresponding eigenvector is the

direction of alignment in the system. The value of S has the

range 0 # S # 1. When S ¼ 0 the molecules are isotropic

while when S ¼ 1 the molecules are perfectly aligned.

The order parameter for systems under PCF and PEF is

presented in Figures 12 and 13, respectively. It is seen from

both figures that, in general, S increases with the increase of

the strain-rate. However, there is a distinction between the

alignment for PCF and PEF: while for PEF, the order

parameter reaches a plateau value and remains at this value

over a wide range of strain rates, for PCF a plateau is only

reached at very high strain-rates and only for longer

molecules. It is also seen that for larger molecules the

increase in alignment begins at a lower strain-rate and occurs

more rapidly. Qualitatively this is similar to the earlier onset

of non-Newtonian behaviour for longer molecules. The

alignment shows little difference between FENE and FJC

systems, however, under PEF in the range where S increases

there is greatest variation between the two molecules. The

sensitivity on strain-rate in this regionwould suggest that the

uncertainty in these values is greater. For PEF there is also a

slight decrease in S at the highest strain-rates, which again

corresponds to rates where the difference between the

constant volume and constant pressure algorithms has been

observed by Daivis et al. [8].

5.2.3 Alignment angle

From the order tensor one can also calculate the alignment

angle (also known as the birefringence extinction angle).

This is the angle x that a molecule makes on average with

the x-axis in the xy-plane. If the largest eigenvector of the

gyration tensor of a molecule is ê ¼ ðex; ey; ezÞ then in

planar flows the z component vanishes ðez ¼ 0Þ because

there is on average no component of alignment in the n̂z

direction. For this situation we have,

x ¼ arctan
ey

ex

� �
: ð20Þ

While for PEF it is known [7] that the alignment is

parallel with the x-axis, for PCF in the Newtonian regime

molecules align on average with x ¼ 458. Results for x

under PCF are presented in Figure 14 and it is seen that in

the non-Newtonian regime the alignment angle decreases

PCF

10–8 10–7 10–6 10–5 10–4 10–3 10–2 10–1 100 101

II
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0.8

0.6

0.4

0.2

S

Figure 12. Comparison of the order parameter S for FJC and
FENE molecules of length 2,4,10,20 and 50 monomers. We
include data for 100-site FENE molecules. The system is under
shear flow (PCF). The symbols are the same as in Figure 2.

PEF
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Figure 13. Comparison of the order parameter S for FJC and
FENE molecules of length 2,4,10,20 and 50 monomers. We
include data for 100-site FENE molecules. The system is
under extensional flow (PEF). The symbols are the same as in
Figure 2.
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with the strain-rate. At a single strain-rate, x decreases

with the molecular length, which is due to the earlier onset

of the non-Newtonian regime for longer molecules. It is

not explicitly clear from this data that molecules approach

the 458 alignment in the Newtonian regime. 100-site

molecules only reach x ¼ 208 at the lowest strain rate we

have considered, 50-site molecules do approach x ¼ 408,

however, the FENE result for the lowest strain rate has an

alignment of approximately x ¼ 558. For shorter mol-

ecules –2, 4 and 10-sites – there is a strain-rate below

which x diverges significantly from the trend towards

alignment at x ¼ 458. Comparing with the order parameter

in Figure 12 it is clear that at these low strain-rates there is

less ordering in the fluid and so longer simulation

times are required to obtain a better estimate for the

average alignment angle. Furthermore, for larger molecu-

lar weights one needs to perform simulations at even

weaker strain-rates than we have done to obtain the

limiting x ¼ 458 behaviour. It is seen once more that there

is little difference between FENE and FJC molecules.

5.2.4 Spin angular velocity

Despite the alignment of molecules which has been

described and calculated in the preceding sections,

molecules also undergo rotation in PCF; under PEF it

has been found that the average angular momentum for

molecules is zero [5,7]. For PCF it is found that in the

Newtonian regime the spin angular velocity of molecules

should be _g=2 in the clockwise sense about the n̂z direction

[21]. The instantaneous angular velocity of molecules is

calculated by inverting the relation,

L ¼ Im�v; ð21Þ

where L is the angular momentum of the molecule with

respect to its centre of mass, Im is the moment of inertia

tensor and v is the angular velocity vector. Once

calculated, the components of the instantaneous angular

velocity are averaged over the course of a simulation, in a

similar way to the preceding properties.

We have confirmed that for PEF all components of the

angular velocity are on average zero. Under PCF just the

component vz is non-zero and values for this component are

shown in Figure 15. The line 2 _g=2 is also plotted in this

figure. It is seen that for 4 to 50-site molecules the angular

velocity approaches 2 _g=2 at low strain-rates. This is a

relationship which is predicted by irreversible thermodyn-

amics [21,52] in the steady-state and the limit as _g! 0. We

have not simulated the 100-site system at small enough

strain-rates to confirm this behaviour for this system and the

uncertainties in data for the 2-site system were too large for

this data to be included. Considering data in the non-

Newtonian regime, we see that on a log-log plot vz has a

linear relationship to _g which would suggest a power-law

vz ¼ a _gb. Coefficients for this relationship are presented in

Table 3. The coefficient b is seen to decrease with larger

molecular weight, i.e. at equal strain-rates, the increase of

molecular weight results in a decreased propensity for the

molecules to rotate. This can be explained by the increased

hindrance from surrounding molecules. Note that, the

systems we consider only approach the entanglement regime

for 100-site molecules.

There is again little difference between the results for

FENE and FJC molecules. The greatest difference is in the

50-site data where the error bars are much larger for FENE

molecules. This would indicate that there is more variation

in the angular velocity of FENE molecules than FJC

molecules, however, it is unclear whether this is an artefact

of the averaging process.

10–4 10–3 10–2 10–1 100
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Figure 14. The alignment angle x under PCF. Symbols are the
same as in Figure 2. Að _g=2Þ:

10–4 10–3 10–2 10–1 10010–5

10–4

10–3

10–2

10–1

100
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PCF _
2

.
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.
γ

Figure 15. The z component vz of the average spin angular
velocity of molecules for systems under PCF. The line vz ¼ _g=2
has been plotted for comparison in the Newtonian regime. The
symbols are the same as in Figure 2. A least-squares fit (dashed
lines) to a power law vz ¼ a _gb is also shown for each molecular
weight.
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5.2.5 Algorithm efficiency

It is well known that the calculation of forces is the most

computationally expensive part of molecular dynamics

simulations [47]. For this reason it is useful to compare the

efficiency of the FENE and FJC force calculations. Within

the force calculation the most intensive part is the calculation

of interatomic distances. In our simulations this part of the

calculation has been accelerated with the use of both

neighbour-list and cell method algorithms. We do not discuss

this aspect here, referring the reader to the work ofMatin et al.

[6]. We have estimated the relative efficiency of the FENE

and FJC algorithms and present these details in Table 4.

These estimates include just the calculation of the forces

once the distance between atoms has been determined. It is

seen that the FENE calculation represents only a small

percentage of the full simulation and does not increase above

5% for the systems studied here. In contrast, the constraint

calculation for FJC simulations is found to represent an

increasing percentage of the simulation time. The efficiency

of the constraint algorithm is limited by the linear algebra

calculation involved [3]. The algorithm uses a general LU

solver [53]which does not take into account the sparse nature

of the constraint matrix. This deficiency has recently been

investigated by Daivis and we are informed (Daivis P.J.

private communication, 2007) that the efficiency of the

constraint algorithm has been significantly improved by

using sparse matrix solvers. All simulations were performed

on the NEC TX7 supercomputer which has a vector parallel

architecture.

6. Conclusion

We find that the structural properties of FENE and FJC

molecules are on average almost identical over the wide

range of strain and elongation rates studied. Given this, we

can argue that the rheological properties for the two

molecules should also be very similar in the steady state.

Considering that the molecular pressure tensor involves

only intermolecular forces and the centre of mass momenta,

the contributions to this pressure tensor from the two

molecules should be almost the same. In essence any

potential between adjacent beads along the chain which give

the same structure to a molecule will result in similar

rheological properties in the steady state. This is indeed

observed in our simulations, as demonstrated by the

computed rheological properties for both molecular models.

It has been shown [17] that for identical systems, the

atomic pressure tensor gives the same result as the molecular

pressure tensor in the steady state. However, the results of

these functions under transient flows differ. Again we would

expect that the use of the molecular pressure tensor in

transient flows will give the same results for FENE and FJC

molecules. However, if we used the atomic pressure tensor,

we would expect there to be a difference between the

molecules since the atomic pressure would include

intramolecular forces in the calculation differentiating

between FENE and FJC systems.

From our results we conclude that for the purposes of

studying the molecular rheology of steady-state polymeric

systems it is computationally more efficient to use the

FENE molecular model over the FJC model, though we

note that sparse matrix solvers in the case of the latter

could narrow this efficiency gap somewhat. There does not

seem to be any compelling evidence to support a priori use

of the computationally more intensive FJC model, since all

structural and rheological properties between both

models are very similar in the steady-state. This is also

true for diffusion of chains under either PCF or PEF,

which will be presented in a subsequent publication.

Finally, we point out that our work was conducted on

chains without torsion constraints. In the case of

semiflexible chains the FENE and FJC implementations

could lead to significantly different results, depending on

the degree of chain stiffness. Modifications to the FENE

and bending potentials for such chains have been discussed

by Kröger [54].
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Table 3. Results for the least-squares fit to vz in the power-law
region for systems under PCF.

Molecule a b ðvz ¼ a _gbÞ

4-Site FENE 0.733 2.34 £ 1021

4-Site FJC 0.743 2.37 £ 1021

10-Site FENE 0.648 9.96 £ 1022

20-Site FENE 0.552 3.41 £ 1022

20-Site FJC 0.575 3.55 £ 1022

50-Site FENE 0.311 3.75 £ 1023

50-Site FJC 0.339 3.46 £ 1023

100-Site FENE 0.170 2.91 £ 1024

The simulation results together with these functions are presented in Figure 15.

Table 4. Comparison of the efficiency of the FENE and FJC
algorithms.

Molecule Nm tFENE/ttotal (%) tFJC/ttotal (%) tFJC/tFENE

2-Site 500 1.9 2.0 1.0
4-Site 500 3.2 4.9 1.6
10-Site 500 3.5 32 11
20-Site 500 4.0 41 16
50-Site 256 4.1 68 43
100-Site 108 4.5 86 260

The times tFENEand tFJC included just forcecalculation after thedistancebetweenatoms
has been determined. The time ttotal used was the total CPU time of test simulations.
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